Abstract. Galois representations ρ : G Q → GL 2 (Z/n) with cyclotomic determinant all arise from the n-torsion of elliptic curves for n = 2, 3, 5. For n = 4, we show the existence of more than a million such representations which are surjective and do not arise from any elliptic curve.
Introduction
Given an elliptic curve E defined over Q, its n-torsion subgroup E[n] is isomorphic to (Z/n) 2 as an abstract group. The Galois group of Q(E[n]) over Q embeds into GL 2 (Z/n). We then have a continuous Galois representation
The composition of ρ E,n with the determinant map is the mod n cyclotomic character. Thus ρ E,n is odd, that is, det(ρ E,n (complex conjugation)) = −1. In this way, a continuous mod n Galois representation with cyclotomic determinant is created from the elliptic curve. Naturally, one asks if every such representation corresponds to the n-torsion of some elliptic curve.
For n = 2, there is an elementary verification of this question (see below), and for n = 3, 5, an affirmative answer is given in [7] and [8] . For all primes n ≥ 7 it has been shown that there exist continuous, irreducible mod n Galois representations with cyclotomic determinant that do not come from the n-torsion of any elliptic curve. See [2] and [5] .
When n is not prime, less is known. [7] gives a mod 4 representation with image isomorphic to Z/2 which does not correspond to any elliptic curve's 4-torsion, but the approach does not carry over to representations having larger images. In this paper, we show the existence of many surjective mod 4 representations with cyclotomic determinant which do not arise from the 4-torsion of any elliptic curve.
Theorem 1. There exist continuous, surjective mod 4 Galois representations having cyclotomic determinant which do not arise from the 4-torsion of any elliptic curve.
Equivalently, we prove the existence of a Galois extension W/Q such that (1) Gal(W/Q) GL 2 (Z/4); (2) Q(i) ⊂ W is the fixed field of SL 2 (Z/4); (3) There is no elliptic curve E such that W = Q(E [4] ).
C. HOLDEN
Let ρ : G Q −→ GL 2 (Z/4) be a continuous and surjective homomorphism having cyclotomic determinant. The fixed field of the kernel of ρ is a finite extension W/Q such that Im(ρ) Gal(W/Q) GL 2 (Z/4). Likewise, such an extension determines a mapping of G Q into GL 2 (Z/4). (1) guarantees that ρ is surjective and continuous, whilst (2) is equivalent to ρ having cyclotomic determinant.
In the following sections we describe G = GL 2 (Z/4) using two of its normal subgroups M and N where M ∩ N = 1 and [G : MN ] = 2 (see Theorem 2). Then a field W/Q satisfying (1) is the product of two quartic subfields M and N where Gal(M/Q) G/M and Gal(N/Q) G/N . A criterion developed by Cremona in [4] allows us to find fields M/Q which do not come from the 4-torsion of any elliptic curve. It is then a simple matter to construct N so that W = MN satisfies (2) and (3). In fact, we are able to find 1,628,554 such counterexamples. We expect, but are unable to show, that there are infinitely many.
2-Torsion and S 3 -extensions
When ρ is a surjective and continuous mod 2 representation (det(ρ) is necessarily trivial), it has image GL 2 (Z/2) S 3 , the symmetric group on 3 letters. Given a finite Galois extension L/Q with Galois group isomorphic to S 3 , there exists an irreducible cubic polynomial f ∈ Q[x] such that L is the splitting field of f . Then the nontrivial 2-torsion points of the elliptic curve E :
, where the φ i are the roots of f .
Thus L = Q(E [2] ) and E [2] V ρ , the Galois module corresponding to ρ. Any other irreducible cubic polynomial g with coefficients in Q and roots generating L gives an elliptic curve E :
Furthermore, every elliptic curve having this property arises in this manner.
In addition to supplying concrete motivation for the other cases, this is directly relevant to the present discussion since E [2] ⊂ E [4] for any elliptic curve E defined over Q. As with the above case, we aim to understand surjective mod 4 representations by considering extensions with Galois group GL 2 (Z/4).
GL 2 (Z/4) as a Galois group
Let S 4 be the symmetric group on 4 letters, A 4 its alternating subgroup; let D 4 denote the dihedral group of order 8 and let V 4 denote the Klein four-group. Proof. This follows from a more general set of theorems concerning the structure of GL 2 (Z/n) as well as basic group theory. See [1, section 5.1]. We discovered these facts via MAGMA by constructing this group, looking for relations among normal subgroups and inspecting other groups of the same order.
Remark. While MN and SL 2 (Z/4) are both index-2 subgroups of G, it is not true in general that MN SL 2 (Z/4).
An immediate consequence of this theorem is an analogous statement concerning field extensions (see also Figure 1 ):
4-Torsion and GL 2 (Z/4)
Let W/Q have Galois group GL 2 (Z/4) and subextensions M/Q and N/Q as above.
, where ∆ is the discriminant of E. See pages 80, 81 in [1] . Also, if
See pages 69, 72 in [1] . To find a W/Q that does not come from an elliptic curve, it suffices then to construct an appropriate S 4 -extension M/Q: Proof. This is clear because W has the correct Galois group over Q, Q(i) ⊂ W is the fixed field of SL 2 (Z/4), and W is uniquely determined by its subfields M and N .
C. HOLDEN
Given an elliptic curve E, we can determine the polynomial which generates the S 4 -extension contained within Q(E [4] ).
Then the unique S 4 -subextension of Q(E [4] ) is the splitting field of the following quartic:
Proof. See page 83 in [1] and page 9 in [6] (slightly different form).
Every S 4 -extension M contains a unique S 3 -subextension L. If M were to come from the 4-torsion of an elliptic curve E, then L = Q(E [2] ) as in Section 2. Also,
) remains constant. Therefore, in order to construct an S 4 -extension that does not come from an elliptic curve, we need to understand better the connection between S 4 -extensions of Q that share a common S 3 -subfield and the quartic polynomials that generate them.
S 4 -Extensions and semi-invariants
In [4] , invariants and semi-invariants of binary quartic forms are used to develop a better 2-descent for elliptic curves. Here we use them to show that the class of S 4 -extensions properly contains those that come from the 4-torsion point fields of elliptic curves.
5.1. Definitions. Suppose K is a field, not having characteristic 2 or 3. To a quartic polynomial
we associate a binary form g(x, y) = ax 4 + bx 3 y + cx 2 y 2 + dxy 3 + ey 4 . GL 2 (K) acts on the set of these forms by
y) → g(αx + βy, γx + δy).
Two quartics g and h are considered equivalent under this action if they lie in the same GL 2 (K) orbit. In this case we write g ∼ h.
We define the two basic invariants of g:
I and J are invariants under the subgroup of matrices A such that det A = ±1 (not all of GL 2 (K)). They are thus invariant up to multiplication by fourth and sixth powers of det A, respectively. We then think of I and J as being defined up to multiplication by fourth and sixth powers in K and note that two equivalent quartics have the same I and J. We will also follow [4] and define two semiinvariants of g:
which are invariant under action by a Borel subgroup in GL 2 (K), i.e., the subgroup of upper triangular matrices. Using I and J, we then define the resolvent polynomial
This definition of F does not become problematic due to our notion that I and J are only defined up to multiplication by fourth and sixth powers, respectively. Suppose F (x) = x 3 + 3α 4 Ix + α 6 J, where α lies in K. Then F (α 2 x) = α 6 F (x). The splitting field of F is thus invariant under GL 2 (K). Finally, let φ be any root of F . This gives us a third semi-invariant of g,
5.2.
Classification. These invariants and semi-invariants then allow us to describe the field extensions associated with quartic polynomials. Suppose a quartic g ∈ K[x] is irreducible with splitting field M/K and Gal(M/K) S 4 . The splitting field of F , L, is the unique S 3 -extension contained within M . By choosing φ to be any root of F , we also define a cubic extension
Conversely, if we have any v in K(φ) − K with square norm over K(φ), then the Galois closure of K(
, but if v is linear in φ, then the quartic generating this extension has the same I and J invariants as g.
In section 3 of [4] it is shown that the set of S 4 -extensions M/K containing a given S 3 -extension L is in one-to-one correspondence with nontrivial elements of
, where G K acts via the quotient Gal(L/K) on V 4 as an automorphism group. This bijection is given by identifying H 1 (G K , V 4 ) with H = ker(Norm :
2 ) in a way that is explicitly compatible with the construction of M via z. One then obtains, as a subset, a one-to-one correspondence between quartics g with invariants I and J up to GL 2 (K)-equivalence and nonzero elements z of K(φ) that are linear in φ and have square norm, up to equivalence mod (K(φ) × ) 2 .
Theorem 6.
Let g and h be two quartics defined over K whose splitting fields, M g and M h , are S 4 -extensions of K. Then,
Proof. Suppose g ∼ h. Then they share the same I and J and we have L, the splitting field of F = x 3 − 3Ix + J, contained in both M g and M h . Under the correspondences above, g and h then generate the same V 4 -extension of L; thus
M contains a unique field L with Galois group S 3 over K. Clearly, if g and h share the same I and J, then the above correspondences indicate that they would generate the same extension only if they were equivalent. So suppose g and h have distinct I-and J-invariants. Then they correspond to different elements of H and thus distinct V 4 -extensions of L. But this cannot be.
There is also a simple criterion to determine when two quartics are equivalent.
Theorem 7 (Prop. 3.2(2) in [4]). Let g and h be two quartics having the same invariants I, J and semi-invariants
This is precisely what we need in order to prove that a particular S 4 -extension M/Q cannot sit inside Q(E [4] ) for any E. 
Proof. Let z E , a E and p E be the semi-invariants associated to B E , and let z be the z-semi-invariant of g. Suppose M is contained within Q(E [4] ) for some elliptic curve E. Then g ∼ B E . In particular, g and B E share the same I and J (a more stringent criterion than Q(E[2]) = L), and z E is defined to be linear in φ. I and J determine F (i.e. φ), and hence z E =
. B E is monic, so a E = 0. Also B E has no quadratic or cubic terms, so p E is zero. Thus z E = 4φ 3 . Now we have zz E = 4 9 (φ)(4aφ − p). By Theorem 7, this is a square and we are done.
Tables of quartic extensions of Q have been constructed by [3] , ordered by absolute value of their discriminants (and signature), up to 10
7 . There are 1,635,308 S 4 -fields in these tables, each given by a defining polynomial. Of these polynomials, all but 6,755 have φ(4aφ − p) ∈ (K(φ) × ) 2 and so do not come from the 4-torsion of any elliptic curve. In Table 1 , we list all 18 such extensions with discriminant less than 1000 in absolute value. Of these, only 3 could (and do) lie inside the 4-torsion of an elliptic curve. We thus have many S 4 -extensions of Q which do not arise from the 4-torsion of any elliptic curve as well as an easy computation which usually tells us whether a given quartic generates such an extension. We close with a few remarks. 
